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Abstract-A general relativistic cosmological method is constructed inwhich theenergy momentum tensoris
derived from a tetrad of four spinor fields satisfying Dirac'sequation associated witha universal length of
order 10-12 em. The field equations are derived from the variation of the metric field in a curvature scalar
action integral, under the auxiliary condition that in the varied metric the spinor fields should still satisfy
Dirac's equation.
The obtained metric is the well known zero pressure model of general relativity, or more realistically a
model with negligibly small pressure. The gravitational constant appears as a Lagrange multiplier and is
therefore a (possibly constant) function of time. It also depends on the normalization of the spinor fields
which we may choose at every epoch so as to suit convenience. Using the usual normalization, the
gravitational constant appears to be inversely proportional to the cosmological epoch, providing a new
interpretation of the well known Dirac-Jordan hypothesis.
Spinor fields and spinor connection are the Cinderellas of general relativity. Half a century after
the discoveryof the spinrepresentation of the Lorentz groupby E. Cartan and P. A. M.Diracit is
still possible to write a comprehensive treatise on general relativity without even mentioning
spinors and spinor connection. This is the more surprising since simple connectedness of the
group of connection seems a very natural requirement, and there are excellent geometrical
reasons why connection shouldbe described in terms of spin vectors rather than tangent vectors.
Of course tangent vectors are readily available in any manifold and the preference of differential
geometers for affine vector connection is certainly understandable, if not wholly excusable. I
suspect that preoccupation with affine vector connection has been largely the reason why the
attempts by Weyl and Schrodinger ([6], p. 140 and [4], p. 112) to place connection at the
foundations of space-time geometry have never been entirely successful.
In this paper I wish to show that spinor fields satisfyingDirac's equation (in a covariant form
and without an electromagnetic field) can influence quite substantially the structure of
cosmological models of the Universe and can lead to a new understandingof Dirac's hypothesis
(first stated in [2]) that the gravitational "constant" is a decreasing function of the cosmological
epoch. The paper is in the nature of a preliminary report and no details of calculations will be
given.
I shallfirst sketch the principles underlying the construction of such a model. We assume that
the pseudo-Riemannian space-time manifold carries a spinor field (more precisely, a tetrad of
four spinor fields) which is in interaction with the metric tensor field of the manifold. As we are
dealing here with an oversimplified version of a geometry with spin connection to suit the
cosmological model (no electromagnetic field, hence the spin connection just the trivial one
induced by the metric connection), no convincing geometrical excuse can be offered for the
appearance of a spinor field (let alone four independent spinor fields) and we treat it as a mildly
arbitrary assumption.
Interaction between the metric and spinor fields is derived from the variation of an action
integral constructed from a universal world Lagrangian. Again, because of the simplifications
imposed by the model, the Lagrangian will only contain those parts of a genuine spinor
connectionwhichrefer to pure gravitation(for instance the connectionwill not have any torsion),
neverthelesswe shall treat it as if it were a true world Lagrangian, representingthe total action of
all fields and matter. With certain limitations this is probably an adequate approximation
assumption for a cosmological model.
The spinor field is assumed to satisfy Dirac's equation which itself can be derived from a
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variation principle. The relevant Lagrangian density is
(1)
where 9 = V- det g..v, 0/;.. is the covariant derivative of the spinor field 0/, () is a suitable inner
product, and I" is an operator acting on spin vector fields and satisfying
I''T" +I''T" = 2g"V [ (2)
where I is the identity operator. A is a positive world constant representing (as we shall see) a
universal length, characteristic of the geometry.
If we require f 2 dx" to be stationary for arbitrary local variations of 0/, we obtain
(3)
which is Dirac's equation in the absence of an electromagneticfield. Comparing (3) with Dirac's
·r".I, - mC,I, = 0I '1'... fi 'I'
we find that
fi O·35xl0-3711.=-= cm
mc m
(4)
where m is the mass (in grams)of a "particle" represented by the equation. Since :£ is part of a
universal world Lagrangian, m is expected to be somewhere between the electron and proton
mass and A to be of order 10-12 em. In the future we shall only admit spinor fields which satisfy
(3).
Now it is easy to verify that if 0/ satisfies (3) then
:£=0 (5)
in (1). We may therefore regard equation (5) as a constraint imposed upon the admissible spinor
field and metric tensor. In particular, we shallobtain the gravitationalfield equations by requiring
that f PA dx" be stationary under local variations of the metric tensor field subject to the
constraint (5). Here
where R..v/XT is the Riemannian curvature tensor.
Applying the method of Lagrange ([3], p. 141), we vary g'" in
(6)
where the Lagrange multiplier 1I.2{T is a function of a suitable time coordinate t. The scale factor
11.2 is for convenience, to convert T = T(t) into a scalar function which is independent of the unit
of length chosen. The correct power of A which appears as a scale factor with this and other
expressions willbe discussed later. There is no a priori reason why the coefficient 1I.2{T shouldbe
a constant (even if ultimately it will turn out to be so in the cosmological solution)and generally
we must treat it as a function to be determined from the variation problem at hand.
The gravitational field equations derived from the variation of (6) are
(7)
where
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(8)
is the energymomentum tensor (inordinaryunits)associatedwith the cosmicspinorfield l{;. If (6)
is a true worldLagrangian then Ti; is the total energymomentum tensor of the field and no extra
matter terms are needed. It is assumed in (8) that the l{;-field is provided with a correct
normalization. We shall come back to this question later.
We assume now a cosmological line element
(9)
where f(t) is a positive function of t. This of course is not the most general form of a
Robertson-Walker cosmological line element, but it seems impossible to satisfy the field
equations (7) witha sufficiently isotropicspinor field unless the 3-space part is flatEuclidean. The
scale factor A2 is again for convenience, to convert t into a coordinatewhich is independentof
the unitof lengthchosen. (Theuniton the t-axis is of order 10-22 sec).The unit on the xv-axes can
be fixed by the normalizing condition
f(Ta) = 1 (10)
where t = Ta is the present epoch. This normalization yields ordinary "physical" coordinates.
Alternatively, we can use the normalization
f(1) = I (11)
which yields an absolute (epoch-independent) coordinate system, but with an uncomfortably
large unit along the space axes.
From (9) we have
1:5 a,{3:5 3,
(12)
The equations (3)and (7) can be satisfied with a tetrad of four spinor fields, represented by the
matrix
(13)
where each of the four columns represents a spinor field, and P is a constant. With these spinor
fields (and a suitable definition of the inner product) we get
hence
f(t) = t 2/3
if cosmological space coordinates with normalization (11) are used. We also get
(14)
(15)
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(I 6)
This shows that T is a constant , as foreshadowed earlier. The value of the constant is arbitrary
and cannot be determined from the variation principle since we can provide the (unnormalizcd)
"'-field with an arbitrary scale factor. In particular we may assume if we wish that T = 1, p2 = 2/3.
We then have a line element
(I 7)
and a spinor tetrad field
(I8)
where M is the matrix in (I6) .
Let us write down the solution (I7), (I8) in a scale which is more convenient for physical
evaluation. First we rewrite the line element (I7) in space coordinates normalized according to
(10). We get at t = to
(19)
The value of Toat the present epoch can be obtained from the knowledge of Hubble's constant.
The cosmological red shift per light year in the model (I9) is, at the epoch to yr,
ov 2
v 31 0
(20)
and Hubble 's "constant " is 0·704 x 1O-8 to- 1 per ern, or 2·175 x 106to- 1 per megaparsec. The
present value of Hubble's constant is about 0·3 x 10-3 per Mpc hence to is about 0·7x 10lO yr, or
2 x 1017 sec corresponding to
(21)
Next we look for an appropriate normalization for the "'-field. From analogies with Dirac's
theory, if '" is correctly normalized, we expect the value of the 3-space integral
(22)
taken over a large region G of the 3-space t = To to be equal to the total mass in the region G.The
second equation (I5) shows that (22) is indeed consistent with the expression (8) for the energy
momentum tensor.
Comparision of (7) with Einstein's gravitational equations gives
A K
-T = 167T2 ,
m c
(23)
(24)
by (4), where K is the constant of gravitation, h is Planck's constant and c the speed of light.
With the values
3
K = 6·67 X 10-8 cm 2, C = 3 X 1010 cm
g sec sec'
2
h = 6·62 X 10-27 g cm
sec
we get
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(25)
where A is expressed in cm. Assuming A of order 10-12 it gives T ~ 1040 , the same order as To in
(21). This strongly suggests that T is proportional to the age of the Universe when expressed in
units of A/c, provided that the physical normalization (22) is used. Togetherwith (24) it gives the
result that the gravitational constant is inversely proportional to the cosmological epoch. The
argument rests essentiallyon the normalization condition (22) and on the empirical values of T
and To.
Justification of (22) must ultimately comefrom a more complete form of space-time geometry
based on genuine spinor connection with torsion and phase curvature. An account of such a
geometry(jointly withM. C. Cullinan and J. Lynch)is nowin preparation. The empirical valueof
TITo can not be derived from the purely geometrical properties of the model, and must rely
on physical considerations such as the knowledge of the existing matter distribution in the
Universe. In terms of the system (17) it requires that the average number of particles in unit
y-volume be roughly proportional to the cosmological epoch.
We conclude with a few additional observations.
(i)There is no need to introduce the cosmological constant (the merits of whichwere always
in doubt) and indeed it would be quite out of place in the present model.
(ii) The line element (20) (or (23» which seems to be essentially the only one which satisfies
the field equations with adequate isotropy of the metric and spinor fields is the well known zero
pressure model of relativistic cosmology ([1], p. 82, case 2(ii». It is perhaps more realistic to
regard it as a limiting form of a cosmological model with negligibly small pressure.
(iii) The presence of a spinor field satisfying Dirac's equation establishes a concrete link
between cosmology and quantum mechanics. Such a link has long been suspected or even
assumed (see e.g. [1], p. 61).
(iv) Gauge. Severalexpressionsabove have been providedwith a scale factor of the form AP
where A is the constant appearing in equation (3). I have used this device already at an earlier
occasion ([5], p. 486). Consider the line element
g,,"dx"dx". (26)
It represents the square of a "length", therefore its value depends on the unit of length chosen.
Supposethat we changethe unit of lengthto its A-Iold,withoutchanging the coordinatesystem.
(Remember that coordinates are merely real numbers which, through the coordinate mapping
from the space-time manifold into Pit 4, serve to locate points in the manifold). Then the
expression (24) obtains the factor A-2 because the same length expressed in A times larger units
will have A times smaller value. We say, a quantity T::: has gauge index p, and write ind
(T:::) = p, if it obtains the factor A-P whenthe unit of length is changed to the A-fold.In ordinary
units such a quantityhas dimension (ern)". Fromthe above, ind (g,,") = 2.Sincethe matrix(g"") is
the inverse of the matrix (g,,"), we have ind (g"") = -2 and hence by equation (2), ind (I") = -I.
Also ind 9 = ind (Y - det gIL") = 4.
Clearly differentiation with respect to the coordinates does not alter the gauge index,
therefore the Christoffel brackets {:v} are gauge invariant and so is R,,", while ind R = -2, ind
Pit = 2. Also ind (if!;,,) = ind (if!) in (3), hence ind (A-I) = ind (I'") = -], ind (A) = I. This shows
that A is a length, as suggested earlier and also seen from (4).
To obtain the correct gauge factors in the expressions (7) and (8), we must agree on some
gauge convention regarding the spinor field. Normalization conditions such as (22) suggest that
I if! 12 shouldbe treated as a 3-space densityhence its gauge index shouldbe - 3, ind (if!) = - t With
this conventionexpression(22) becomesgauge-independent and therefore suitablefor using it as
a normalizing condition. Similarly ind (2) = 0 in (1) hence ind (T) = 0 in (6), as required.
Expression (8) for T,," has gauge index -1, in agreement with (7) which is a gauge-invariant
expression.
(v) Inner product. We represent tetrads of spinors by complex 4 x 4 matrices (au), each
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column representing a spinvector. If 1jJ* denotesthe conjugate transpose of the matrix IjJ then the
inner product of the spinor tetrads 1jJ. and 1jJ2 is defined
where
(
0 I
f= I 0
o 0
o 0
and qsA = ~ (trace A) for any 4 x 4 matrix A.
(vi) Thispaperowesa greatdeal to discussions withM.C. Cullinan andJ. Lynch, in particular
to the observation of Cullinan that the vanishing of the spinor Lagrangian, equation(5), can be
regarded as a constrainton the field quantities. It is clear that the equationnot onlycan, but must
be regarded as a constraint in (6) since A2/T is determined from the variation principle (apart
from a scaling factor) hence we are not free to postulate it to be a constant.
(vii) Many of the omitted details of calculation such as the derivation of (8) from (6), or the
derivation of (15) can essentially be found in [5].
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